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Revision Notes for Class 11
Maths

Chapter 11 - Conic Section

1. Conic Sections:

The locus of point which moves in a plane so that its distance from a fixed point is
In a constant ratio to its perpendicular distance from a fixed straight line

* The fixed straight line is called the Directrix

* The fixed point is called the Focus.

* The constant ratio is called the Eccentricity denoted by e.

* A point of intersection of a conic with its axis 1s called a Vertex.

* The line passing through the focus & perpendicular to the Directrix is called the
Axis.

2. Section of right circular cone by different planes:

Figure shows right circular cone.
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(i) Figure shows the section of a right circular cone by a plane passing through its
vertex is a pair of straight lines passing through the vertex.

(if) Figure shows section of a right circular cone by a plane parallel to its base is a

VA
/D
ays=Nl

(iii) Figure shows section of a right circular cone by a plane parallel to a generator
of the cone is a parabola.
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(iv) Below figure shows section of a right circular cone by a plane neither parallel
to any generator of the cone nor perpendicular or parallel to the axis of the cone is
an ellipse or hyperbola.
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Right Circular Oblique Cone
Cone
3D view:
CIRCLE i E
ELLIPSE PARABOLA HYPERBOLA

3. General Equation of a conic: Focal directrix property.
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If focus of conic is (p,q) and equation of directrix is Ix+my+n=0,then the
general equation of conic is:

(17 + m)[(x = p)*> + (y — a)?] = e(Ix + my + n)?

= ax? + 2hxy + by?2 + 29x + 2fy + ¢ =0

4. Distinguishing various conics:

The nature of conic section depends upon value of eccentricity as well as the
position of the focus and the directrix. So, there are two different cases:

Case 1: When the focus lies on the directrix.

In this case, A= abc + 2fgh — af*> — bg® — ch®> = 0

The general equation of a conic represents a pair of straight lines if:
e > 1 =h* > ab, Real and distinct lines intersecting at focus

e=1 = h® > ab, Coincident lines

e<1 = h* <ab, Imaginary lines

Case 2: When the focus does not lies on the directrix.
A parabola: e = 1,A=0, h?2 = ab

Anellipse: 0< e<1,A#0, h2<ab

A hyperbola: e>1,A=0, h2>ab

A rectangular hyperbola: e>1,A#0, h2>ab , a+h=0

PARABOLA
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5. Definition and Terminology

The locus of a point, whose distance from a fixed point called focus is equal to
perpendicular distance from a fixed straight line called directrix is called Parabola.

M /'/

v =dax

Four standard forms of parabola are:
y? =4ax; y’ =—4ax; x> =4ay ; x* = —4ay
For parabola, y* = 4ax:

(i) Vertex is: (0, 0)

(if) Focus is: (a,0)

(iii) Axisis: y=0

(iv) Directrix is: x+a=0

The distance of a point on the parabola from the focus is called focal distance.

A chord of the parabola, which passes through the focus is called focal chord.

A chord of the parabola perpendicular to the axis of the symmetry is called double
ordinate.

A double ordinate passing through the focus or a focal chord perpendicular to the
axis of parabola is called the Latus Rectum.

For, y* =4ax:
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= Length of Latus rectum =4a
= Ends of Latus rectum are (a,2a) & (a,—-2a)

NOTE:

Perpendicular distance from focus to directrix = half the latus rectum.
Vertex is middle point of the focus & the point of intersection of directrix & axis.
Two parabolas are said to be equal if they have the same latus rectum.

6. Position of a point relative to parabola:

Point (x,, y,) lies inside, on or outside the parabola y* = 4ax depends upon the value
of y? - 4ax,, whether it is positive, negative or zero.

7. Line and Parabola:

The line y =mx+c meets parabola y* = 4ax at:

Two real points if a>mc
Two coincident points if a=mc
Two non real points if a<mc

Condition of Tangency is ¢ =%

Length of chord that line y =mx+c intercepts on parabola y* = 4ax is:

(%}/a(h m*)(a—mc)

NOTE: Length of focal chord making an angle « with the x-axis is 4a cosec’a

8. Parametric representation:

(atz, 2at) represents the co-ordinates of a point on the parabola is y* =4ax i.e. the

equations x=at’, y=2at at together represents the parabola with t being the
parameter.
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The equation of a chord joining t, &t,is 2x - (, + t,)y + 2att, = 0.

NOTE: If t, &t,are ends of the focal chord of the parabola y? = 4ax, then tt, =-1
Hence, coordinates of extremities of parabola are (atz, 2at) or (t% ?j

9. Tangent to the parabola y* = 4ax

(i) yy, =2a(x+x,) at point (x, y,)

m?> m

(ii) y:mx+%(m¢0) at (i,z—aj
(iii) ty = x + at*at point (at’, 2at)
NOTE: Point of intersection of the tangents at the point t, &t, is [att, , a(t, +t,) ]

10. Normal to the parabola y* = 4ax

N
2a
(ii) y = mx — 2am — am® at (am?, — 2am)
(iii) y + tx = 2at + at® at (at®, — 2at)

() y-y,=—==(x=x)at(x,y,)

NOTE:
(i) Point of intersection of normals at t, &,, are, | a(t? +& +t, +2), ~att, (t +1,) |
(ii) If the normals to the parabola y* =4ax at the point t, meets the parabola again

at the point t, then t, = —(tl +§]

(iii) If the normals to the parabola y* =4ax at the points t, &t, intersect again on
the parabola at the point t, then tt, =2t,=—(t,+t,) and the line joining t, &t,
passes through a fixed point (-2a,0)
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11. Pair of tangents

The equation to the pair of tangents which can be drawn from any point (x,, y,) to
the parabola y* = 4ax is given by: SS, = T> where:

S=y’—4ax, S, =y, —4ax, T = yy, —2a(x+x)
12. Director Circle

Locus of the point of intersection of the perpendicular tangents to a curve is called
the director circle. For parabola y*=4ax it's equation is x+a=0 which is
parabola's own directrix.

13. Chord of Contact

Equation to the chord of contact of tangents drawn from a point P(x,y,) is
yy, =2a(x+x); (i.e., T=0)

NOTE: The area of the triangle formed by the tangents from the point (x,,y,) & the
chord of contact is. (y? —4ax, )" +2a

14. Chord with a given middle point

Equation of the chord of the parabola y* = 4ax whose middle point is (x, y;) is:

2a
Y-Y: =_(X_X1)ET=81
Yi

ELLIPSE
15. Standard Equation and definitions:

Standard equation of an ellipse referred to its principal axes along the co-ordinate
axes Is

X2 y2
= +2-=1,where a>b,b*=a’(1-¢’)
a® b’
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2

Eccentricity: e= 1—b—2, (0<e<1)
a

Foci: S =(ae,0) &S =(-ae,0)

Equations of Directrices: x = % & X = —%

Major Axis: The line segment A'A in which the foci S'&S lie is of length 2a &
is called the major axis (a>b) of the ellipse. Point of intersection of major axis
with directrix is called the foot of the directrix (2).

Minor Axis: The y-axis intersects the ellipse in the points B'=(0,—b) and B=(0,b).
The line segment B'B of length 2b (b <a) is called the minor axis of the ellipse.

Principal Axis: The major and minor axis together are called principal axis of the
ellipse.

Vertices: A'=(-a,0) & A=(a,0).
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Focal Chord : A chord which passes through a focus is called a focal chord.

Double Ordinate: A chord perpendicular to the major axis is called a double
ordinate.

Latus Rectum: The focal chord perpendicular to the major axis is called the
latus rectum.

Length of latus rectum (LL’) :

2b®> _ (‘minor axis )’

a majer axis - 2a(l— ez)

=2e (distance from focus to the corresponding directrix).

Centre: The point which bisects every chord of the conic drawn through it is
called the centre of the conic. C =(0,0)

2

2
The origin is the centre of the ellipse 2+ =1
a

b2
NOTE:

2 2
(i) If the equation of the ellipse is given as X—2+E)’—2:1 and nothing is mentioned,
a

then the rule is to assume that a>b

(if) If b>a is given then y-axis will become major axis and x axis will become the
minor axis and all other points and lines will change accordingly.

16. Auxiliary circle/Eccentric angle:

A circle described on major axis as diameter is called the auxiliary circle. Let Q be
a point on the auxiliary circle x*+y* =a* such that QP produced is perpendicular
to the x-axis, then P& Q are called as the Corresponding Points on the ellipse and
the auxiliary circle respectively. @ is called the Eccentric angle of the point P on
the ellipse (-7 <0< ).
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Q
P
1 9 | S
A/ L, [9) N | A s
(-a. 0) S S (a,0)
NOTE:

I(PN) _ b _ Semi major axis

I(QN) a Semi major axis

If from each point of a circle perpendiculars are drawn upon a fixed diameter then
the locus of the points dividing these perpendiculars in a given ratio is an ellipse of
which the given circle is the auxiliary circle.

17. Parametric Representation:

2 2
The equations x =acos@ & y =bsing , together represent the ellipse % + ;'—2 -1

Where 6 is a parameter. Note that if P(9#)= (a cos@d,bsing) is on the ellipse then
Q(0) = (acosd,asind) is on the auxiliary circle.The equation to the chord of the
ellipse joining two. points with eccentric angles « and g is given by

X a+p vy + [ a-p

~—CosS +—sina—:cos—
a 2 b 2 2

18. Position of a point with respect to ellipse:
The point p(x,y,) lies outside, inside or on the ellipse, according as:

2

i+g_;_1> 0 (outside)

2
2

QD

2

+g_12_1<o (inside)
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2 2
X—2+;’—2=1=o (on)

QD

19. Line and an Ellipse:

2

2
The line y=mx+c meets the ellipse X—2+Z—2:1 in two points real, coincident or
a

imaginary according as ¢ is <,= & >a*m’ +b?
2 2
Hence y=mx-+c is tangent to the ellipse =+ =1, if ¢? = a?m? +b?,
a®> b’
20. Tangents:

() Slope form y=mx++a?m’ +b’ is tangent to the ellipse for all values of m

(b) Point form %Jr& =1 is tangent to the ellipse at (x, y;)
a

b2

Xcos@d ysind
b

(c) Parametric for =1 Is tangent to the ellipse at the point

(a cosd,bsin09).
NOTE:

(i) There are two tangents to the ellipse having the same m, i.e. there are two
tangents parallel to any given direction. These tangents touch the ellipse at
extremities of a diameter.

(i) Point of intersection of the tangents at the point « & 3 is:

cosa;'g sina;’g
a b
cos? =P 0P
2 2

(iif) The eccentric angles of point of contact of two parallel tangents differ by .

21. Normal:
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2 2
(i) Equation of the normal at(x,, y,) is %—% =a’ -b*=a’c’?
1
(i) Equation of the normal at the point (acos¢ , bsing ) s

axsecd— by cosecd =(x* —b?)

(a? —b®)m

Ja? +b*m?

(iif) Equation of a normal in terms of its slope mis y = mx+

22. Director Circle:

Locus of the point of intersection of the tangents which meet at right angles is
called the Director Circle. The equation to this locus is x* +y® =a® + b’ i.e. a circle
whose centre is the centre of the ellipse & whose radius is the length of the line
joining the ends of the major & minor axis.

NOTE:

Pair of tangents, Chord of contact, Pole & Polar, Chord with a given Middle point
are to be interpreted as they, are in Parabola/Circle.

23. Diameter (Not in Syllabus)

The locus of the middle points of a system of parallel chords with slope 'm' of an
ellipse is a straight line passing through the centre of the ellipse, called its diameter
b2

a’m

and has the equation y = - X

NOTE:
All diameters of ellipse passes through its centre

Important Highlights:

2

2
Referring to the ellipse % Yo

b2

(@) If P be any point on the ellipse with S & S’ as to foci then SP+SP'=2a.
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(b) The tangent & normal at a point P on the ellipse bisect the external and internal
angles between the focal distances of P. This refers to the well known reflection
property of the ellipse which states that rays from one focus are reflected through
other focus & vice-versa. Hence we can deduce that the straight lines joining each
focus to the foot of the perpendicular from the other focus upon the tangent at any
point P meet on the normal PC and bisects it where G is the point where normal
at P meets the major axis.

(c) The product of the length's of the perpendicular segments from the foci on any
tangent to the ellipse is b® and the feet of these perpendiculars lie on its auxiliary
circle and the tangents at these feet to the auxiliary circle meet on the ordinate of P
and that the locus of their point of intersection is a similar ellipse as that of the
original one.

(d) The portion of the tangent to an ellipse between the point of contact & the
directrix subtends a right angle at the corresponding focus.

(c) If the normal at any point P on the ellipse with, centre C meet the major and
minor axes in G & g respectively & if CF be perpendicular upon this normal
then:

(i) PE. PG =b?

(ii) PF,Pg =a’

(iii) PG.Pg =SP.SP
(iv) CGCT=C%

(v) locus of the mid point of Gg is another ellipse having the same eccentricity as
that of the original ellipse.

[Where S and S are the foci of the ellipse and T is the point where tangent at P
meet the major axis]
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o The circle on any focal distance as diameter touches the auxiliary circle.
Perpendiculars from the centre upon all chords which join the ends of any
perpendicular diameters of the ellipse are of constant length.

» If the tangent at the point P of a standard ellipse meets the axis in T and t and CY
Is the perpendicular on it from the centre then :

() TtPY =a?—b’and

(ii) least value of T tis a+b

HYPERBOLA

The Hyperbola is a conic whose eccentricity is greater than unity (e > 1)

24. Standard Equation and definitions:

Y
A
M Pi(x,y)
> i
< a
Trans
X< verse | Axis !
g A |z e]c Si(ae, 0)
(-ae, 0) = S i
< =l (=2 |
< ES T :
3 = :
= ' o

X2

2
Standard equation of the hyperbola is —z—g—z =1, where b* =a’ (e2 —1)
a
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2
Eccentricity (e): e? =1+:—2 =1+(%)
(C.A — Conjugate Axis)

(T.A. - Transverse AXis)

Foci: S=(ae,0) &S'=(-ae,0)

Equations of Directrix: x = fax=-2
e e

Transverse Axis: The line segment A'A of length 2a in which the foci S'& S both
lie is called the transverse axis of the hyperbola.

Conjugate Axis: The line segment B'B between the two points
B'=(0,-b) & B=(0,b) is called as the conjugate axis of the hyperbola.

Principal Axes: The transverse & conjugate axis together are called Principal
Axes of the hyperbola.

Vertices: A=(a,0) & A'=(-a,0)
Focal Chord: A chord which passes through a focus is called a focal chord.

Double Ordinate: A chord perpendicular to the transverse axis is called a double
ordinate.

Latus Rectum (I) L: The focal chord perpendicular to the transverse axis is called
the latus rectum.

(= 2b° _(C-A) _ Za(c2 —1)
a TA

NOTE:

I(LR) = 2e (distance from focus to directrix).
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Centre: The point which bisects every chord of the conic drawn through it is
called the centre of the conic C =(0,0), the origin is the center of the hyperbola

Xy 1

ab=

Since the fundamental equation to the hyperbola only differs from that to the
ellipse in having —b® instead of b* it will be found that many propositions for the
hyperbola are derived from those for the ellipse by simply changing the sign of b?.

25. Rectangular or Equilateral Hyperbola:

The particular kind of hyperbola in which the lengths of the transverse and
conjugate axis are equal is called an Equilateral Hyperbola. Note that the
eccentricity of the rectangular hyperbola is 2.

26. Conjugate Hyperbola:

Two hyperbolas such that transverse & conjugate axes of one hyperbola are
respectively the conjugate & the transverse axes of the other are called Conjugate
Hyperbolas of each other.

2 2 2 2

e.g. % —E)’—Z ~1& % + E)’—Z —1 are conjugate hyperbolas of each other.

NOTE:

(@) If ¢ and e, are the eccentricities of the hyperbola and its conjugate, then

e’ +e, % =1.

(b) The foci of a hyperbola and its conjugate are concyclic and form the vertices of
a square.

(c) Two hyperbolas are said to be similar if they have the same eccentricity:
(d) Two similar hyperbolas are said to be equal if they have same latus rectum.

(c) If a hyperbola is equilateral, then the conjugate hyperbola is also equilateral.

Class XI Maths www.vedantu.com 17




Vedantiy

LIVE ONLINE TUTORING

27. Auxiliary Circle:

A circle drawn with centreC &T.A .as a diameter is called the Auxiliary Circle of
the hyperbola. Equation of the auxiliary circle is x* + y* =a?

Note from the figure that P & Q are called the "Corresponding Points" on the
hyperbola and the auxiliary circle.

In the hyperbola any ordinate of the curve does not meet the circle on AA' as
diameter in real points. There is therefore no real eccentric angle as in the case of
the ellipse.

AY
Q P_~"P(asec0,btan 0)
(-a, 0) 0,0) | <0 A R
A’ C (a, 0) N X

28. Parametric Representation:

2 2
The equation x=asecd & y=btan@ together represents the hyperbola ;—z—g—z -1

where 6 Is a parameter.

Note that if P(9) = (asecd,btand) is on the hyperbola then, Q(#) = (acosd, a tané) is
on the auxiliary circle.

The equation to the chord of the hyperbola joining two points with eccentric angles
a and g is given by:
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X a=-f y. a+f sa+,8

sin———=co
a 2 b 2 2

29. Position of a point with respect to hyperbola:

2 2
The quantity s, :%—g—;—l IS positive, zero or negative according as the point
a

(x.,y,) lies inside, on or outside the curve.

30. Line and a hyperbola:

The straight line y=mx+c is a secant, a tangent or passes outside the hyperbola

2 2
X _Y__1 according as c? > or =or <a?m? —b?, respectively.
b

QD

31. Tangents:

(i) Slope Form :y=mx=+a’m’>—b?> can be taken as the tangent to the hyperbola
2

2

a> b?

2 2
(if) Point Form: Equation of tangent to the hyperbola X—z—z—2=1 at the point (xy,)
a

o XX Yy
IS ?:b—;Zl

2 2
(iii) Parametric Form: Equation of the tangent to the hyperbola X—Z—E)/—Zzl at the
a

xsecd ytand _

point (asecd,btan ) =

1.

NOTE:
(i) Point of intersection of the tangents at 6, £ 6, is:

2 61 62
N =Dht
X ] ] v Y an( 5 j
COS——

2
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(i) If| 6, + 6, | = =, then tangents at these points g, & 6, are parallel

(iii) There are two parallel tangents having the same slope m.These tangents
touches the hyperbola at the extremities of a diameter.

32. Normals:

2 2
(i) The equation of the normal to the hyperbola X—z—g—2=1 at the point P(x, y,)on
a

2 2
... ax b
itis 2212V _ a2 4 p? = g%

X Y

(if) The equations of the normal at the point P(asec®,btan )on the hyperbola

2 2
X—Z—y—zzlis i+b—y:a2+b2 = a’c?
a~ b secd tand
- - - = 1 1 (a2+b2)m
(iii) Equation of a normal in terms of its slope 'm ISy=mx—ﬁ
a®—bm

NOTE:
Equation to the chord of contact, polar, chord with a given middle point, pair of
tangents from an external point is to be interpreted as in parabola/circle.

33. Director Circle:

The locus of the intersection point of tangents which are at right angles is known as
the Director Circle of the hyperbola. The equation to the director circle is :
N yz — a2 —p?

If b?> <a? this circle is real

If b> =a* (rectangular hyperbola) ,the radius of the circle is zero and it reduces to a
point circle at the origin. In this case the centre is the only point from which the
tangents at right angles can be drawn to the curve.

If b>>a?, the radius of the circle is imaginary, so that there is no such circle & no
pair of tangents at right angle can be drawn to the curve.
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34. Diameter (Not in syllabus):

The locus of the middle points of a system of parallel chords with slope 'm' of an
hyperbola is called its diameter. It is a straight line passing through the centre of

2

the hyperbola and has the equation y =+ z

a’m

X

NOTE: All diameters of the hyperbola pass through its centre.
35. Assymptotes (Not in syllabus):

Definition: If the length of the perpendicular let fall from a point on a hyperbola to
a straight line ends to zero as the point on the hyperbola moves to infinity along the
hyperbola, then the straight line is called the Asymptote of the hyperbola.

ST
]
ol
Il
o

\ B|(0, b)

(-a, 00 A'C (a, 0

/ B |(0, -b)

/TN

® [
+
Il
o

gl

Equation of Assymptote : §+%=0 and 2—%:0

2 2

Pairs of Asymptote: % Y

b2

=0

NOTE:

(i) A hyperbola and its conjugate have the same asymptote.
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(if) The equation of the pair of asymptotes different form the equation of hyperbola
(or conjugate hyperbola) by the constant term only.

(ili) The asymptotes pass through the centre of the hyperbola and are equally
inclined to the transverse axis of the hyperbola. Hence the bisectors of the angles
between the asymptotes are the principle axes of the hyperbola.

(iv)The asymptotes of a hyperbola are the diagonals of the rectangle formed by the
lines drawn through the extremities of each axis parallel to the other axis.

(v) Asymptotes are the tangent to the hyperbola from the centre.

(vi) A simple method to find the co-ordinates of the centre of the hyperbola
expressed as a general equation of degree 2 should be remembered as : Let
f(x,y) =0 represents a hyperbola.

Find & & % Then the point of intersection of L L gives the centre of
ox oy OX oy
the hyperbola.

36. Rectangular Hyperbola (xy =c?):

It is referred to its asymptotes as axes of co-ordinates.

Vertices: (c,c) and (-c,—c)
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A Y—axIs

>,
X—axis

Foci: (v2¢,v/2¢) & (—/2¢,—/2¢)
Directrices: x + y = +J2c

Latus Rectum (I): 1=22c=T.A.=C.A.

Parametric equation x=ct,y :%,t e R—{0}

Equation of a chord joining the points P(t,) & Q(t,) is x+t,t,y=c(t,+t,)

Equation of the tangent at P(x,, y,) is X+ Y ~2andat P() is %+ty:2c

1 N

Equation of the normal at P(t) is xt°—yt=c(t*~1) Chordd with a given middle
point as (h,k) is kx+hy = 2hk

Important Highlights:
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(i) Locus of the feet of the perpendicular drawn from focus of the hyperbola

2 2
% —;’—2 =1 upon any tangent is its auxiliary circle i.e. x* +y*=a* & the product of
the feet of these perpendiculars is b*.

(if) The portion of the tangent between the point of contact & the directrix subtends
a right angle at the corresponding focus.

(ili) The tangent & normal at any point of a hyperbola bisect the angle between the
focal radii. This spell the reflection property of the hyperbola as "An incoming
light ray" aimed towards one focus is reflected from the outer surface of the
hyperbola towards the other focus. It follows that if an ellipse and a hyperbola have
the same foci, they cut at right angles at any of their common point

YA

Light Ray
Tangent

2 2 2

2
Note that the ellipse X—2+%:1‘9 the hyperbola — %+ Y __1 (a>k>b>0)
a

a2 _ k2 k2 _ b2
are confocal and therefore orthogonal

(iv) The foci of the hyperbola and the points P and Q in which any tangent meets
the tangents at the vertices are concyclic with PO as diameter of the circle.

(v) If from any point on the asymptote a straight line be drawn perpendicular to the
transverse axis, the product of the segments of this line, intercepted between the
point and the curve is always equal to the square of the semi conjugate axis.
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(vi) Perpendicular from the foci on either asymptote meet it in the same points as
the corresponding directrix and the common points of intersection lie on the
auxiliary circle.

2 2
(vii) The tangent at any point P on a hyperbola X —Y_—1 with centre C, meets
2 b2
a

the asymptotes in Q and R and cuts off a ACQR of constant area equal to ab from

the asymptotes and the portion of the tangent intercepted between the assymptote
Is bisected at the point of contact. This implies that locus of the centre of the circle
circumscribing the ACQR in case of a rectangular hyperbola is the hyperbola itself

and of a standard hyperbola the locus would be the curve, 4(a’x* —b%y?)=(a* +b2)2

(viii) If the angle between the asymptote of a hyperbola Z—Z—Z—z =1 1is 20 then the

eccentricity of the hyperbola is secd.

(ix) A rectangular hyperbola circumscribing a triangle also passes through the
orthocentre of this triangle,

If (cti tﬁju =1,2,3 be the angular points P,

—C

Q, R ,then orthocentre is ( ,—ctitltsj

273

(x) If a circle and the rectangular hyperbola xy = c¢* meet in the four points, t,t,,t,
and t,, then

(a) tt,tt, =1

(b) the centre of the mean position of the four, points bisects the distance between
the centre of the circle through the points t,,t, and t, is :

¢ t+t +t + L 1+£+£+t1+t2+t3
2 tht )2l &t
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CIRCLE:

A circle is a locus of a point whose distance from a fixed point (called centre) is
always constant (called radius).

1. Equation of Circle in various forms:

(a) The circle with centre as origin & radius 'r' has the equation x* +y* =r’

(b) The Circle with centre (h,k)& radius ¢ r' has the equation (x—h)* +(y—k)* =r?
(c) The general equation of a circle is x*+y®+2gx+2fy+c=0 with centre as
(-9,—f) and radius =\/g2+f:2—c.

If g +f> —c>0= Real circle

If g°> +f> —c=0=Point circle

If g* +f2 —c<0= Imaginary circle with real centre, i.e., (-g,-f)

Note that every second degree equation in x &y, in which coefficient of x* is
equal to coefficient of y* & the coefficient of xy is zero, always represents a circle.

(d) The equation of circle with(x,,y,) &(x,,y,) as extremities of its diameter is:
(X=2%)(x=%)+(y=¥)(y-¥.) =0
Note that this will be the circle of least radius passing through (x.,y,) &(x,,Y,)

2. Intercepts made by circle on the axes:

The intercepts made by the circle x*+y*+2gx+2fy+c=0 on the co-ordinate axes
are 2\/g’ —cand 2,/ —c respectively. If:

g°—c>0 = circle cuts the x axis at two distinct points

g>-c=0 = circle touches the x—axis
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g°—c<0 = circle lies completely above or below the x—axis
3. Parametric equation of the circle:
The parametric equations of (x—h)? +(y—k)*> =r* are :

X=h+rcosd, y=k+rsind, -z <0<z, where(h,k ) is the centre, r is the radius & 6
IS a parameter.

4. Position of a point with respect to a circle:

The point (x,,y,) is inside, on or outside the circle S=x2+y +2gx+2fy+c=0

p
A ,
(X, Y1) 2

According as S, =x,? + Y +2qx, +2yy, +cis <or=or >0.

NOTE: The greatest & the least distance of a point A from a circle with centre C
& radius r is AC+r & AC —r respectively.

5. Line and a circle:

Let L=0 be aline &S =0 be a circle. If r is the radius of the circle & p is the
length of the perpendicular from the centre on the line, then:

(i) p>r < the line does not meet the circle i.e. passes outside the circle.

(if) p=r < the line touches the circle.
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(It is tangent to the circle)

(ili) p<r < the line is a secant of the circle.

IV) p=0= the line is a diameter of the circle.

Also, if y=mx+c is line and x* +y* =a’ is circle then
) ¢* <a’(1+m?) < the line is a secant of the circle.

(ii) ¢* =a’(1+m?) < the line touches the circle. (It is tangent to the circle)

(iii) ¢ >a? (1+ m2) < the line does not meet the circle i.e. passes out side the
circle.

6. Tangent:
(@) Slope form: y=mx+c is always a tangent to the circle x*+y*=a* if

c? = a2 (1+ mz)

Hence, equation of tangent is y=mx+ayl+m? and the point of contact is

2 2
(—a m ,a—j where ¢ = +ay1+m?

c c

(b) Point form :

(i) The equation of the tangent to the circle x*+y?=a® at its point (x,y,) Iis,

xx, + Yy, =a’

(ii) The equation of the tangent to the circle x*+y?*+2gx+2fy+c=0 at its point
(X, ¥;) 1S xx; +yy; +g(x+x, ) +f(y+y,)+c=0

Where S=x*+y* +2gx+2fy+c
S, =X +VY +2gx +2fy, +c

T=xx, +Yy, +9(X+x)+f(y+y,)
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NOTE:

In general the equation of tangent to any second degree curve at point (x,,y,) on it

can be obtained by replacing x> by xx,y* by yy, ,x by % y by %,xy by

+ X :
% and c remains as c

(c) Parametric form The equation of a tangent to circle x*+y*=a’ at

(acosa,asina) IS: xcosa+ysina=a.

NOTE: The point of intersection of the tangents at the points P(a) P(p) is =

acosM asinM
2 2

cosa_ﬂ cosa_ﬁ
2 2

7. Family of circles:

(a) The equation of the family of circles passing through the points of intersection
of two circles S, =0and S, =0 is S, +KS, =0

(K =-1, provided the co-efficient of x* & y* in S, &S, are same)

(b) The equation of the family of circles passing through the point of intersection
of acircle S=0& aline L=0 isgiven by S+KL=0.

(c) The equation of a family of circles passing through two given points
(X, ¥;) &(%,.Y,) can be written in the form :

Xy
(x=%)(X=%)+(y=y )(y-y)+K[x, vy, 24=0
A

where K is a parameter
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(d) The equation of a family of circles touching a fixed line y-y, =m(x—x) at the
fixed point (x,,y,) is

(><—><1)2 +(y - yl)2 + K[y—y1 —m(x—><1)] =0 where K is a parameter.

NOTE:

Family of circles circumscribing a triangle whose sides are given by L, =0,L, =0
and L,=0 isgivenby :L, L, + AL, L, + uL,L, =0 provided co-efficient of xy=0 and
co-efficient of x* = co-efficient of y°.

Equation of circle circumscribing a quadrilateral whose side in order are
represented by the lines L =0,L,=0,,=0 L,=0 are uL,L,+AL,L, =0 Where
value of x and 2 can be found out by using condition that co-efficient of x* = co-
efficient of y* and co-efficient of xy =0.

8. Normal:

If a line i1s normal/orthogonal to a circle then it must pass through the centre of the
circle. Using this fact normal to the circle x* +y* +2gx+2fy+c=0 at (x,Y,) IS

VS A
Y-V, Xﬁg(x X,)

9. Pair of tangents from a point:

The equation of a pair of tangents drawn from the point A(x,y,) to the circle
X* +y? +2gx+2fy+c=0 is:SS, =T?

10. Length of tangent and power of a point:

The length of a tangent from an external point (x,,y,) to the circle :

S=x*+Yy’ +2gx+2fy+c=0 is given by L=x? +y2 +2gx, + 2f,y +¢c =[S,

Square of length of the tangent from the point P is also called the power of point
w.r.t. a circle. Power of a point w.r.t a circle remains constant.
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Power of a point P is positive, negative or zero according as the point'P’ is
outside, inside or on the circle respectively.

11. Director circle:

The locus of the point of intersection of two perpendicular tangents is called the
director circle of the given circle. The director circle of a circle is the concentric
circle, having radius equal to /2 times the radius of original circle.

12. Chord of Contact:

If two tangents PT, & PT, are drawn from the point P(x,y,) to the circle
S=x*+y*+2gx+2fy+c=0, then the equation of the chord of contact T, T, is :

X% + Yy +g(X+%)+ f(y+y,)+c=0, T=0
Here R= radius, L= Length of tangent.
NOTE:

(a) Chord of contact exists only if the point 'P' is not inside.

2LR

JR+L

(b) Length of chord of contact T, T, =

T,
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(c) Area of the triangle formed by the pair of the tangents & its chord of contact
_ RU
CR2+L

(d) Tangent of the angle between the pair of tangents from (x,y, ) = (%)

(e) Equation of the circle circumscribing the triangle PT, T, is

(x=x)(x+09)+(y-y,)(y+f)=0
13. Pole and Polar (Not in syllabus):

(i) If through a pointP in the plane of the circle there be drawn any straight line to
meet the circle in Q and R, the locus of the point of intersection of the tangents at
Q and R is called the Polar of the point P, also P is called the Pole of the Polar.

(ii) The equation of the polar of a point P(x,y,) w.r.t, the circle x*+y*=a’ is
given by xx +yy, =a®> and if the circle is general then the equation of the polar
becomes xx +yy, +g(x+x,)+8(y+y,)+c=0 i.e. T=0. Note that if the point (x,, y;)

be on the circle then the tangent &e polar will be represented by the same equation.
Similarly, if the point (x,y,) be outside the circle then the chord of contact and

polar will be represented by the same equation.

(iii) Pole of a given line Ax+By+C=0 w.r.t. circle

X +y?=a’is (—& —%j.
c' cC

(iv) If the polar of a point P pass through a point Q, then the polar of Q passes
through P.

(v) Two lines L, & L, are conjugate of each other if Pole of L, Lies on L, and vice
versa. Similarly two points P and Q are said to be conjugate of each other if the
polar of P passes through Q and vice-versa.
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14. Equation of chord with a given middle point:

The equation of the chord of the circle S=x*+y* +2gx+2fy+c=0 in terms of its
mMid-pointM (x., y, ) is xx, + Yy, + g(x+x )+ f (y+y,)+c=%" +y? +2gx +2fy, +¢ which
Is designated by T =5,

NOTE:

(i) The shortest chord of a circle passing through a point M inside the circle is one
chord whose middle pointis M.

(if) The chord passing through a point M inside the circle and which is at a
maximum distance from the centre is a chord with middle point M

15. Equation of the chord joining two points of the circle:

The equation of chord PQ of the circle x*+y*=a’ joining two points P(«) and
P(B) on it is given by. The equation of a straight line joining two point « and g
on the circle x> +y* =a’ is

a+p a+pf a-p

XC0S———+ ysSin——— =Ccos——
2 2 2

16. Common tangents to the two circle:

(i)

(DE

4 common tangents (2 direct and 2 transverse)
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rn+r, <cgc,

(if)

3 common tangents

L+, =CgC,.

(iii)

2 common tangents

|r1—r2|<clcz<r1+r2

(iv)
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1 common tangent
|r1 - r2| =G,

(V)

No common tangent
C1C2 < |r1 - r2|
(Here ,c,c, is distance between centers of two circles.)

NOTE:

(i) The direct common tangents meet at a point which divides the line joining
centre of circles externally in the ratio of their radii.

Transverse common tangents meet at a point which divides the line joining centre
of circles internally in the ratio of their radii.

(if) Length of an external (or direct) common tangent & internal (or transverse)
common tangent to the two circles are given by : L, = dz—(rl—rz)z and
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Ly :sz —(ur1 +1,)>, where d = between the centers of the two circles and r,, r, are

the radii of the two circles. Note that length of internal common tangent is always
less than the length of the external or direct common tangent.

17. Orthogonality of two circles:

Two circles S, =0&S,=0 are said to be orthogonal or said to intersect

orthogonally if tangents at their point of intersection include a right angle. The
condition for two circles to be orthogonal is: 29,9, + 2f.f, =c, +c,

NOTE:

(a) The centre of a variable circle orthogonal to two fixed circles lies on the radical
axis of two circles.

(b) If two circles are orthogonal, then the polar of a point 'P' on first circle w.r.t. the
second circle passes through the point Q which is the other end of the diameter

throughP . Hence locus of a point which moves such that its polar wr.t the circles
S,=0, S,=0 &S, =0 are concurrent is a circle which is orthogonal to all the three

circles. (Not in syllabus).

(c) The centre of a circle which is orthogonal to three given circles is the radical
centre provided the radical centre lies outside all the three circles.

18. Radical Axis and Radical Centre:

The radical axis of two circles is the locus of points whose powers w.r.t. the two
circles are equal. The equation of radical axis of the two circles S, =0 &S, =0 is

given by: S-S, =0,i.e., 2(9,—9,)x+2(f, - f,)y+(c,—¢c,)=0

The common point of intersection of the radical axes of three circles taken two at a
time is called the radical centre of three circles. Note that the length of tangents
drawn from radical centre to the three circles are equal.

NOTE:
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(@) If two circles intersect, then the radical axis is the common chord of the two
circles.

(b) If two circles touch each other then the radical axis is the common tangent of
the two circles at the common point of contact.

(c) Radical axis is always perpendicular to the line joining the centers of the two
circles.

(d) Radical axis will pass through the mid-point of the line joining the centers of
the two circles only if the two circles have equal radii.

(e) Radical axis bisects a common tangent between the two circles.

(F) A system of circles, every two of which have the same radical axis, is called a
coaxal system.

(g) Pairs of circles which do not have radical avis are concentric.
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